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Creation of Greenberger-Horne-Zeilinger states with
thousands of atoms by entanglement amplification
Yajuan Zhao1, Rui Zhang1, Wenlan Chen 1,2✉, Xiang-Bin Wang1,2,3,4,5✉ and Jiazhong Hu 1,2✉

We propose an entanglement-creation scheme in a multi-atom ensemble trapped in an optical cavity, named entanglement
amplification, converting unentangled states into entangled states and amplifying less-entangled ones to maximally entangled
Greenberger-Horne-Zeilinger (GHZ) states whose fidelity is logarithmically dependent on the atom number and robust against
common experimental noises. The scheme starts with a multi-atom ensemble initialized in a coherent spin state. By shifting the
energy of a particular Dicke state, we break the Hilbert space of the ensemble into two isolated subspaces to tear the coherent spin
state into two components so that entanglement is introduced. After that, we utilize the isolated subspaces to further enhance the
entanglement by coherently separating the two components. By single-particle Rabi drivings on atoms in a high-finesse optical
cavity illuminated by a single-frequency light, 2000-atom GHZ states can be created with a fidelity above 80% in an experimentally
achievable system, making resources of ensembles at Heisenberg limit practically available for quantum metrology.
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INTRODUCTION
Entanglement plays a central role in quantum mechanics. It is one
of the most important topics in fields including quantum
information1–3, quantum communication4,5, and quantum metrol-
ogy6–8. By utilizing different classes of entangled states, one can
speed up computations9–11, secure private communications12–16,
and overcome the standard quantum limit17–24. Among all the
classes of entangled states, the Greenberger-Horne-Zeilinger
(GHZ) state25 is one of the ultimate goals for quantum information
and quantum metrology26–37, for it displays the Heisenberg limit38

with the best precision guaranteed by fundamental principles of
quantum mechanics.
However, it is challenging to create GHZ states in multi-particle

ensembles. In the past few years, pioneering contributions have
been made to realize multi-particle GHZ states at different
platforms, including 14 trapped ions26–29, 18 state-of-the-art
photon qubits30–32, and 12 superconducting qubits33,34. These
outstanding works start an era in developing scalable quantum
computers, advancing quantum metrology, and establishing
quantum communication. Recently, there is a breakthrough where
up to 20 qubits35–37 are entangled with a fidelity above 0.529.
Nevertheless, the required precision of the control and technical
difficulties increase exponentially as the number of qubits grows,
making it difficult to increase the size of the GHZ state.
In this manuscript, we propose a deterministic scheme, named

entanglement amplification, to convert non-entangled states into
less-entangled states, and further amplify the less-entangled ones
to maximally entangled GHZ states in atomic ensembles. Different
from the pioneering experiments generating atomic entangle-
ment in a cavity based on a continuous non-demolition
measurement39,40, we break the Hilbert space of atomic spins
into two isolated subspaces by shifting the energy of one
particular angular momentum eigenstate of colletive atomic spins
(Dicke state41). Any wavefunction in one of the subspaces is not

allowed to leak out to or penetrate from the other. When a
coherent spin state is approaching the boundary by Rabi drivings
between two spins of each atom, the wavefunction coherently
evolves around the boundary, being torn into two separated
components, and becomes a cat state. Furthermore, by carefully
choosing the boundary and the orientation of the wavefunction,
one component can be frozen, while the other continues rotating
under Rabi drivings, which further stretches the wavefunction
separation of the cat state, until the maximally separated state
(GHZ state) is obtained. Estimated with experimentally achievable
parameters, a 100-atom GHZ state can be obtained with a fidelity
at 0.92, and the one with 2000 atoms can be achieved with a
fidelity at 0.89. Moreover, the fidelity of GHZ states obtained using
entanglement amplification decreases logarithmically as the atom
number increases, enabling the extension of this scheme into
systems of larger atom number.

RESULTS
Creating GHZ states in an ideal model
We consider N three-level atoms trapped in an optical cavity (see
Fig. 1), with two ground states "j i and #j i, and one excited state
ej i. The cavity mode couples "j i to ej i with a single-photon Rabi
frequency 2g and a detuning Δ, where Δ is much larger than the
spontaneous-decay rate Γ of ej i. By adiabatically eliminating ej i,
we obtain an effective Hamiltonian Hc

42,43, describing the
interaction between the cavity field and N two-level atoms:

Hc ¼ _ωsðSz þ SÞĉyĉ: (1)

Here, Sz is the collective angular momentum operator along z axis,
ωs= g2/Δ is the coupling strength, S= N/2 is the total spin
magnitude, and ĉy (ĉ) is the creation (annihilation) operator of the
cavity field.
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Each atom in the state "j i shifts the cavity resonance ωc by an
amount of ωs. When the cavity is illuminated by a light beam at
frequency ωn=ωc+ nωs, the intracavity intensity hĉyĉim;n is
negligibly small if m ≠ n, where m is the number of atoms in "j i.
In this case, only quantum states with n atoms in "j i introduce
significant intracavity intensity, and thus introduce a significant AC
Stark shift n_ωshĉyĉin;n to the Dicke state m ¼ �N=2þ nj i, while
the light-induced energy shifts of other Dicke states are negligible.
This achieves the goal of shifting one particular Dicke state away
without affecting the others and thus forms a boundary
separating the Hilbert space. In the following context, we choose
an incident light beam at frequency ω1=ωc+ωs to illuminate the
cavity so that the boundary separating the Hilbert space is set to
the Dicke state m ¼ �N=2þ 1j i. As a result, in an ideal case, the
effective Hamiltonian becomes H0ðδÞ ¼ diag ð0; 0; ¼ ; _δ; 0Þ,
where each diagonal matrix element H0

m;m corresponds to the
energy shift of the Dicke state m ¼ �N=2þ nj i, as n= N to 0 in a
descending order, and δ ¼ ωshĉyĉi1;1.
We realize entanglement amplification in the following steps.

Step 1: All the atoms are initialized in "j i and then rotated along x-
axis by Rabi drivings approaching the Dicke state m ¼ �N=2þ 1j i
(Fig. 2a, b). This process can be described by the rotation
Hamiltonian _ΩSx where Sx is the collective angular momentum
operator along x-axis and Ω is the Rabi frequency of single-particle
Rabi drivings. Step 2: Turn on the cavity light to introduce the
energy shift at m ¼ �N=2þ 1j i, and continue the Rabi rotation
along x-axis (Fig. 2b, c). This process is described by _ΩSx þ H0.
Here we require

ffiffiffiffi
N

p
Ω< jδj to guarantee the off-resonance

condition. The wavefunction propagates around
m ¼ �N=2þ 1j i and evolves into two separate components. By
choosing a proper time to stop applying such Rabi drivings, the
ensemble evolves into a cat state ψcatj i where two components of
the wavefunction are coherently separated on the Bloch sphere
(Fig. 2c):

ψcatj i ¼ expð� i ΩSx þ H0ðδ2Þ=_½ �t2Þ ´ expð� iΩSxt1Þ "j i�N; (2)

where t1 and t2 represent the duration time of Step 1 and Step 2,
respectively.
Then, we convert the obtained cat state into a GHZ state by two

additional steps. Step 3: Turn off the cavity light, apply Rabi
drivings to rotate the cat state to align one component of the

state into the south pole of the Bloch sphere, namely m ¼ �N=2j i
(Fig. 2c, d). In this step, the separation between two components
stays unchanged. Step 4: Turn on both the cavity light and the
Rabi Drivings (Fig. 2d, e). The component in m ¼ �N=2j i is frozen
by the boundary at m ¼ �N=2þ 1j i, while the other component
is rotated into the state m ¼ N=2j i. A GHZ state ψGHZj i with two
coherent components each on the north and south pole of the
Bloch sphere is thus obtained:

ψGHZj i ¼ expð� i ΩSϕ4
þ H0ðδ4Þ=_

� �
t4Þ

´ expð� iΩSϕ3
t3Þ ψcatj i; (3)

where Sϕi
¼ Sx cosϕi þ Sy sinϕi . Here, e�iΩSϕ3 t3 corresponds to

Step 3, the process of the orientation alignment, and
e�i ΩSϕ4þH0 ðδ4Þ=_½ �t4 corresponds to Step 4, the process of entangle-
ment amplification.
With all these operations, we convert a non-entangled CSS into

a less-entangled cat state, and amplify this cat state into a
maximally entangled GHZ state, assuming that the cavity lines are
infinitely narrow compared with the amount of cavity resonance
shift introduced by one atom in "j i. This situation corresponds to
an infinitely large cavity cooperativity η.

Considerations in a realistic system
In a realistic system with a finite cavity cooperativity, we need to
consider dissipation due to spontaneous decay and effects of the
finite cavity linewidth. Both processes decrease the fidelity of the
obtained GHZ state. Suppose the excited state ej i has a
decoherence rate Γ, and a detuned coupling from "j i to ej i
brings an AC Stark shift E↑ to the energy of "j i, and then
introduces a spontaneous-decay rate Γ↑= E↑ × Γ/Δ for each atom
in "j i. The overall evolution with atomic spontaneous decay can
be described by the master equations with Lindblad forms. The
quantum fluctuation of the damping is smeared out by the
ensemble average, which suggests the final state to be a mixed
state rather than a pure state. After the four-step operations, the
density matrix of the atomic ensemble can be decomposed into
two parts and decribed as ρ= ρcoh+ ρdecay: ρcoh ¼ ψGHZj i ψGHZh j
represents the coherent-evolution part, while ρdecay corresponds
to the incoherent-scattered part where the spontaneous decay
introduces atom loss. Because of the fragility of the GHZ state, any
atom experiencing spontaneous decay will destroy the whole
state. Thus, we are only interested in the coherent-evolution part
and we define the fidelity by its lower bound

F ¼ max
ϕ

hGHZ;ϕjρcohjGHZ ;ϕi; (4)

where GHZ ;ϕj i ¼ ð "j i�N þ eiϕ #j i�NÞ= ffiffiffi
2

p
. Here we use the phase

ϕ to match the known phase difference between "j i�N and #j i�N

of the generated GHZ state ψGHZj i. We can also use the matrix
elements ρm,n to describe the fidelity F :

F ¼ 1
2
ðρN=2;N=2 þ ρ�N=2;�N=2 þ jρ�N=2;N=2j þ jρN=2;�N=2jÞ; (5)

where ρm,n corresponds to the coefficients of mj i nh j in ρcoh. This
method was first used to characterize the fidelity of the GHZ state
in ref. 29.
When the cavity has a finite linewidth, the cavity light at

frequency ω1 introduces non-negligible AC Stark shifts to other
Dicke states besides m ¼ �N=2þ 1j i. Therefore, in a realistic
system, a modified non-Hermitian Hamiltonian H0

exp replaces the
ideal H0 to describe the cavity linewidth broadening and the
cavity-assisted energy shift under the dissipation of spontaneous

Fig. 1 Setup for entanglement amplification. a N atoms are
coupled to a high-finesse optical cavity, and the cavity is illuminated
by a single-frequency light which can be turned on or off. b The
atomic level diagram and the cavity transmission spectra. The Rabi
drivings couple "j i and #j i. The cavity mode couples "j i to ej i with
a detuning Δ. Due to the strong coupling in the atom-cavity system,
each atom in "j i shifts the cavity resonance by an amount of ωs=
g2/Δ > κ. Thus, the incident light with frequency of ω1= ωc+ωs only
shifts the energy of the Dicke state �Sþ 1j i and creates a boundary
in the Hilbert space at this state. c The quasi-probability distribution
(Husimi-Q function) on the Bloch sphere before, within, and after
entanglement amplification process.
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decay (see part A in Supplementary Notes for details):

H0
exp ¼ _δ 1� i Γ

2Δð Þ
jTðωs ;1Þj2 ´ diag NjTðωs;NÞj2

�
;

ðN � 1ÞjTðωs;N � 1Þj2; ¼ ;

1 ´ jTðωs; 1Þj2; 0 ´ jTðωs; 0Þj2
�
:

(6)

The real part of H0
exp characterizes AC Stark shifts for different

Dicke states and the imaginary part characterizes the
spontaneous-decay-induced decoherence. Here, T(ξ, n) is the
amplitude transmission function of the cavity43:

Tðξ; nÞ ¼ 1

1þ nη
1þ4ðΔþξÞ2=Γ2 � 2 i ξ

κ � nη ðΔþξÞ=Γ
1þ4ðΔþξÞ2=Γ2

h i ; (7)

where n is the atom number in "j i, η ¼ 4g2= Γκð Þ is the cavity
cooperativity, κ is the cavity linewidth, and ξ=ω−ωc is the light-
cavity detuning.

The scalability of GHZ states
To verify the validity of our scheme, we use experimentally
achievable parameters to estimate the fidelity of the obtained
GHZ states. We consider rubidium-87 as the candidate atom, with
two ground states #j i and "j i in different hyperfine manifolds of
5S1/2, and a excited state ej i in 5P3/2 with a spontaneous-decay
rate Γ= 2π × 6MHz. Choosing cavity cooperativity η= 200, and
Rabi frequency of single-particle Rabi drivings Ω between 2π ×
0.05 MHz and 2π × 0.2 MHz (see Supplementary Table 1 for all
parameters), a GHZ state with a fidelity of 0.92 is achieved in a
100-atom ensemble, and a fidelity of 0.89 is achieved in a 2000-
atom ensemble.
The fidelity F of the obtained GHZ state has a favorable scaling

on atom number N, as plotted in Fig. 3a. When atom number N
increases, the fidelity F of the obtained GHZ state decreases due
to the dissipation induced by the spontaneous decay. For the
atomic population in state m ¼ �N=2þ 1j i, which has the highest
spontaneous-decay rate, the dissipation is suppressed due to little
population at this boundary state resulted from off-resonant Rabi
coupling. For atomic population in the other states, the
spontaneous-decay rate is low because the incident light is off-
resonantly suppressed by the cavity linewidth. Such dissipation is
proportional to 1/n for atomic population in state m ¼ �N=2þ nj i
for n= 2 to N, and thus introduces an overall dissipation

proportional to ln N. This weak dependence of F on N helps to
extend the scheme into the regime of thousands of atoms.
To understand the dependence of fidelity F on cavity

cooperativity η, we plot fidelities of obtained GHZ states with
100 atoms at different cavity cooperativity η with corresponding
optimized detuning Δ (Fig. 3b). The optimized Δ is proportional to
η, and the optimized ti are the same for different η. According to
Eqs. (6) and (7), we find when η increases, the coherent evolution
keeps unchanged as we set η/Δ a constant, but the spontaneous-
decay rate decreases inversely proportional to η (or Δ). The
empirical formula for fidelity versus N and η is (see Fig. 3c and
Supplementary Fig. 3 for details):

F ¼ 0:98� 2:3ðlnNÞ=η: (8)

The obtained GHZ states can be verified experimentally by
detecting the parity oscillation29. One could apply a rotation eiπSθ=2

to the obtained GHZ state and then measure the mean value of
the parity operator P ¼ QN

i¼1 σ
ðiÞ
z , where σ

ðiÞ
z is the Pauli z-matrix of

the i-th atom. The parity hPi � cos Nθð Þ oscillates versus θ (see Fig.
3d), proving the non-trivial coherence of N atoms between the
states m ¼ �N=2j i and m ¼ N=2j i, and thus the formation of a
GHZ state.
To show that the obtained GHZ state is useful for metrological

purposes, we plot its Fisher information which characterizes its
metrological gain relative to that of a CSS at different cooperativity
η (Fig. 4a) and different atom number N (Fig. 4b). Here, the Fisher
information can be understood as phase sensitivity, and it’s
inversely relative to the smallest angle which the GHZ state rotates
on the Bloch Sphere so that the initial and the rotated states are
distinguishable. Please refer to ref. 6 for the formula we used to
estimate the Fisher information. At a given η= 200, the relative
Fisher information reaches 81 for 100 atoms, 380 for 500 atoms,
and 1420 for 2000 atoms. This confirms that entanglement
amplification protocol strongly amplifies the metrological gain in a
many-body system, approaching the Heisenberg limit at a given
atom number N.

DISCUSSION
Our GHZ-state-generation protocol is robust against common
experimental noises. Since the coherence time of an atomic clock
with thousands of atoms could be on the order of seconds, a
2000-atom GHZ state should survive at least for milliseconds,

Fig. 2 Four steps of entanglement amplification protocol. Four steps of entanglement amplification protocol illustrated by the Husimi-Q
function for a 100-atom ensemble, using the spherical coordinates (θ, ϕ) on the Bloch sphere. Each panel contains one top view (θ from 0 to π/
2) and one bottom view (θ from π/2 to π) of the Bloch sphere. a A coherent spin state is initialized in "j i�N . b After Step 1, the state is rotated
close to m ¼ �N=2þ 1j i. c After Step 2, a cat state is created by the boundary at m ¼ �N=2þ 1j i. d After Step 3, the orientation of the cat
state is re-aligned so that one component sits at the south pole of the Bloch sphere. e A GHZ state is created after Step 4 by freezing one
component of the wavefunction in m ¼ �N=2j i using the boundary of m ¼ �N=2þ 1j i.
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which is long enough to finish all processes of entanglement
amplification that requires a timescale on the order of 2π/Ω ≈ 10
μs. We also estimate the effects of other technical noises on the
fidelity of GHZ states (See part B in Supplementary Discussion for
details), including the precision of Rabi rotations, the atom-cavity
inhomogeneous coupling, the photon shot noise, and the cavity
frequency instability.

The technical noises decrease the fidelity in two ways. One way
is to introduce errors in the rotation angles Ωti used in Eqs. (2) and
(3), such as the precision limits of Rabi rotations. For a system
containing N atoms, the error of each rotation angle is required to
be much smaller than the angle corresponds to the standard
quantum limit 1=

ffiffiffiffi
N

p
, which has already been technically achieved

in most of atomic clock apparatus. By assuming that the intensity
fluctuation of the Rabi driving is 0.4% and the timing control error
is 1 ns, the overall fidelity decreases to 0.923 (N= 100) or 0.870 (N
= 2000) while the original value is 0.924 or 0.890. This confirms
that the precision limits of Rabi rotations can hardly affect the
performance of our scheme.
The other way is to introduce fluctuations on AC Stark shifts,

such as inhomogeneous coupling, photon shot noise, and cavity
instability. The inhomogeneous coupling due to the standing
wave can be avoided by choosing commensurate wavelength
lasers such as 1560 nm and 780 nm for trapping and probing
rubidium atoms, and this problem has been solved in many
experiments. The remaining inhomogeneity is mainly due to the
thermal fluctuation which results in around 1% randomness for AC
Stark shifts. The photon shot noise and the cavity frequency
instability randomly change the intracavity light intensity, and
thus bring fluctuations to AC Stark shifts. We have estimated these
effects numerically and it shows only a few percent decreasing in
the GHZ-state fidelity (See part B.2 and B.3 in Supplementary
Discussion for details). In fact, the drifts or fluctuations of AC Stark
shifts only bring significant influence on the resonant state
m ¼ �N=2þ 1j i. Since such shift is only used to decouple the
Rabi driving between m ¼ �N=2þ 1j i and other states,
the fidelity is not sensitive to the amount of the shift as long as
the shift is large enough.
Taking all these potentially adverse conditions into considera-

tion, we find the overall fidelity decreases to 0.903 (or 0.817) for

Fig. 3 Characterization of obtained GHZ states. a The fidelity F versus the atom number N at η= 200. b F versus the cooperativity η at N=
100. The dashed blue line shows the empirical formula in Eq. (8). c F versus ðln NÞ=η. Here we plot five sets of calculated results: η= 200, N=
100–2000 (red squares); η= 200–1000, with N= 100 (gray stars), 400 (orange diamonds), 800 (green circles), 1200 (purple triangles). The blue
dashed line corresponds to the empirical formula of F . d The parity oscillation of 〈P〉 versus the rotating angle θ. Here we only plot two typical
intervals [−0.03π, 0.03π] and [0.47π, 0.53π] while the rapid oscillation of 〈P〉 is within the whole region of θ∈ [−π, π].

Fig. 4 Fisher information of obtained GHZ states. Here we plot the
normalized Fisher information relative to the CSS to characterize the
metrological gain. a Fisher information of generated states versus
cavity cooperativity η at N= 100 (red solid circles). b Fisher
information versus the atom number N at η= 200 (red solid circles).
For reference, we also show the fisher information of states at the
Heisenberg limit (blue dashed line) and those at the standard
quantum limit (orange dot-dashed line).
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N= 100 (or N= 2000), while the original value is 0.924 (or 0.890).
This result further confirms the robustness of our scheme which
could create GHZ states with an atom number as large as a few
thousands. We list the details of numerical methods and
estimations in Supplementary Information (See part B.4 in
Supplementary Discussion for details).
Similar to the previous experiments39,40, the information about

the atomic state may leak out through the atom-cavity system.
Here our scheme is a coherent evolution that the phase shift or
the dispersion has already been included in the AC Stark shift and
the Hamiltonian H0

exp in Eq. (6), and the incident photon number
fluctuation has been considered into the photon shot noise.
However, the spatial choices about whether the incident photons
are transmitted through or reflected by the optical cavity, leak out
the information of the atomic state. To obtain the average density
matrix of the atomic state, a trace out of both reflection and
transmission information has to be applied, and this hurts the off-
diagonal terms of the density matrix, which correspond to the
phase coherence, and thus further decreases the final fidelity. This
kind of information leakage can be fixed by using a single-side
cavity or an asymmetric cavity where the transmissions of two
mirrors are quite different, similar to the idea of a quantum
erasure in ref. 44. Using a cavity with finesse of 105 and two mirrors
with transmission ratio of 0.09, the fidelity of the obtained GHZ
state decreases by 0.05 due to information leakage. (See part C in
Supplementary Discussion and Supplementary Fig. 4 for details.)
In conclusion, we propose a scheme, entanglement amplifica-

tion, for creating entangled states with high metrological gain.
With realistic experimental parameters, one can obtain a 2000-
atom GHZ state with a fidelity above 80% and approach the
Heisenberg limit. The fidelity decreases only logarithmically when
the system size increases, which paves a way to generate large-
size GHZ states. We believe this scheme simplifies the complexity
and enhances the robustness of the creation of large-size GHZ
states. It may raise a platform for designing simpler and more
robust entanglement-creation schemes for quantum information
and quantum metrology. Variations of this method can be
generalized to artificial-atom systems such as superconducting
qubits, quantum dots, and mechanical oscillators coupled to a
resonator.

METHODS
Evolution of GHZ states
Replacing H0 in Eqs. (2) and (3) by the experimental Hamiltonian H0

exp, we
obtain the analytical expressions for every step of state evolutions.
In Step 1, the atomic ensemble is initialized in "j i�N and then rotated by

an angle−Ωt1 along x-axis due to Rabi driving, i.e.,

Step 1j i ¼ expð� iΩSxt1Þ "j i�N : (9)

In Step 2, the incident light is turned on and we continue the Rabi
driving along x-axis by an angle−Ωt2. The evolution can be described by

Step 2j i ¼ expð� i ΩSx þ H0
expðδ2Þ=_

h i
t2Þ Step 1j i: (10)

In Step 3, we realign the orientation of the wavefunction while turning
off the incident light. The evolution is

Step 3j i ¼ expð� iΩSϕ3
t3Þ Step 2j i: (11)

In Step 4, the incident light is turned on again but with larger light shift
induced by higher light intensity, and we continue the rotation along the
orientation of ϕ4 by an angle−Ωt4. Therefore, the final obtained state in
Step 4 is

Step 4j i ¼ expð� i ΩSϕ4
þ H0

expðδ4Þ=_
h i

t4Þ Step 3j i: (12)

Overall, the whole GHZ-state-generation process can be expressed by

ψGHZj i ¼ expð� i ΩSϕ4
þ H0

expðδ4Þ=_
h i

t4Þ ´ expð� iΩSϕ3
t3Þ

´ expð� i ΩSx þ H0
expðδ2Þ=_

h i
t2Þ ´ expð� iΩSxt1Þ "j i�N:

(13)

which can be calculated using exponential functions of N × N matrices,
where N is the total atom number. The descriptions of detailed parameters
can be found in Supplemental Notes.

Experimental noise estimation
To study the robustness under common experimental noises, we randomly
shuffle the experimental parameters in reasonable and experimentally
achievable ranges, and repeat our calculations many times with the same
experimental setup. Then we perform the ensemble average to obtain the
mean density matrix ρ, which corresponds to the final GHZ state under
noises and use it to calculate the actual fidelity under realistic noisy
experimental environment. The discussions of each noise source can be
found in Supplemental Discussions.

DATA AVAILABILITY
The data in this manuscript are available from J.H. on reasonable requests.
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